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Abstract 

Let Gi and G2 be locally compact groups; it is known that CA{Gi) = 
L^{Gi) n A{Gi) is an abstract Segal algebra with respect to A{Gi) for i = 1, 2. 
A linear mapping T : CA{Gi) — CA{G2) is a separating map if / • g = im- 
plies Tf • T5 = for /, g e £A{Gi). In this paper, we show that a separating 
bijective map is always continuous and also, that there exist some extensions 
of T to the larger algebras. We introduce a certain condition (condition (P)) 
under which the existence of a bijective separating map leads to existence of 
a topological isomorphism between Gi and G2. We also characterize bijec- 
tive separating maps as a weighted isomorphism on locally compact amenable 
groups. Moreover, we derive some similar results for Lebesgue-Fourier algebras 
considered as Segal algebras for locally compact abelian groups.^ 

1 Preliminaries and introduction 

Let G be a locally compact group with left Haar measure A and let L^{G) be the 
group algebra of G as defined in [13] endowed with the norm ||.||i and the convolution 
product *. Let also A(G) denote the Fourier algebra of G as defined by Eymard [7]. 
Write £A{G) := L^G) D A{G) and define 

ll|/^llh=l|/^lli + l|/^IU(G) {heCA{G)). 

Then CA{G) with norm |||.||| is a Banach space; this space was studied extensively 
by Ghahramani and Lau in [12]. They show that CA(G) with the convolution 
product is a Banach algebra and call it the Lebesgue-Fourier algebra of G; moreover, 
it is a Segal algebra for locally compact group G. Also, CA{G) with pointwise 
multiplication is a Banach algebra and even an abstract Segal algebra with respect 
to A{G), (see [12]). 



^2000 Mathematics Subject Classification: 43A22, 43A20, 43A25. 
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Separating maps between Lebesgue-Fourier algebras 



Separating maps (also considered under the name of disjointness preserving 
maps) between general vector lattices were studied by several authors, for exam- 
ple [1, 3]. Separating maps were later considered in [4] for spaces of continuous 
functions defined on compact Hausdorff spaces. Subsequently, several various re- 
sults were gained on locally compact groups. For example. Font and Hernandez 
studied separating maps between the algebra of bounded continuous maps on lo- 
cally compact groups in [9, 11]. In [10], they used separating maps between Fourier 
algebras of two locally compact abelian groups to study the separating maps between 
group algebras of locally compact abelian groups. Later on, the results gained in 
[10] led to a study on separating maps between Fourier algebras of two arbitrary 
locally compact groups (not necessarily abelian) in [8]. In [15], Monfared obtained 
a comprehensive characterization for separating maps on Fourier algebras of locally 
compact groups. 

Recently, Alaminos, Bresar, Extremera, and Villena in [2] attained a characteri- 
zation for the continuous separating maps between group algebras of locally compact 
groups. Their study also led to a characterization of continuous separating maps 
between C*-algebras. On the other hand, since Co{G) and Cb{G), respectively the 
bounded continuous functions that vanish at infinity and bounded continuous func- 
tions on locally compact group G, form two C*-algebras, these results would apply 
to them. 

In this paper we study the separating maps between Lebesgue-Fourier algebras 
of locally compact groups. After proving two lemmas in this section, in section 2 
we construct the main tools for studying such maps. This part will be followed 
by section 3 in which we prove some properties of the bijective separating maps. 
We derive extensions for the bijective separating maps between Lebesgue-Fourier 
algebras of locally compact groups Gi and G2 to bijective separating maps between 
^(Gi), A(G2) and to ones between Co(G'i), Cq{G2)- In section 4, introducing the 
condition (P), we study topological isomorphism between locally compact groups. 
Section 5 focuses on amenable locally compact groups. In this section we show 
that for amenable locally compact groups every bijective separating map T from 
CA{Gi) onto CA{G2) is the composition of an algebra isomorphism of £A(Gi) onto 
CA(G2) and a linear transformation on CA(Gi) into itself; indeed, we can say that 
r is a weighted isomorphism, see [2]. In section 6 we define separating maps on 
Lebesgue-Fourier algebras with convolution multiplication and pursue our studying 
while Lebesgue-Fourier algebras are considered as Segal algebras of locally compact 
abelian groups. 

Lemma 1.1 Let G be a locally compact group and K be a compact subset of G, and 
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let U be an open subset of G such that K d U . For each V a relatively compact 
open neighborhood of e such that KVV C.U we can find fv in JCA{G) Ci Cc(G) such 

that 

(i) fv{G)Q[Q,l]. 

(ii) fv\K = l. 

(iii) supp/y C U. 

(iv) \\fv\\A{G)<{KKV)/\{V))"^. 

The existence of fy € ^{G) n Gc{G) is proved in [7, Lemma 3.2], so apparently 
fv € jO,A{G) n Cc{G) and we have (i), (ii) and (iii). Also based on the proof of [7, 
Lemma 3.2] and the definition of the norm of A{G), we have (iv). 

Lemma 1.2 Let K be a compact subset of locally compact group G. Let {Vi, V^} 
be an open covering of K. Then, there exists {/i, /2, /n} ^ CA{G) nCdG) such 
that ^27=1 fi = ^ on K and coz{fi) C Vi for z G 1,2, ...,n when coz{fi) is the set of 
all X & G such that fi{x) ^ 0. 

Proof, for X € K define Ux a compact neighborhood of x such that Ux ^ Vi 
for some i G 1,2, ...,n. Since X is a compact set, there exist {xi, ...,Xm} C K 
such that K C [jf^^Ux^ Let Ki := [j{Ux^ : Ux^ C V} for i G l,2,...,n. Since 
each Ki is compact, there exists gi £ CA{G) n CdG) such that gi = 1 on Ki and 
coz{gi) C Vi, and similarly there is 5 G jCA{G) fl Cc{G) such that g = 1 on K, 
by Lemma 1.1. Also since £,A{G) is an algebra by pointwise multiplication, all 

of fl := gi, f2 ■■= {g - 91) ■ 92, ■■; fn-1 ■■= {g - 9i){9 - g2)-{g - 9n-2) ■ gn-i 
and fn := {g - gi){g - 92)---{9 - gn-i) ■ gn belong to £A{G) n Cc{G). Obviously, 
coz{fi) C coz{gi) C Vi for i G 1,2, ...,n. 

Consequently, for each x E K wc will have 

fi{x) + f2{x) = gi{x) + {I - gi{x)) ■ g2{x) 

= l-(l-ffi(x)) + (l-ffi(x))-52(x) 
= l-{l-gi{x)){l-g2{x)). 

By induction we can see that for each x e K 

fi{x) + f2{x) + ... + fn{x) = 1 - (1 - gi{x)){l - g2{x))...{l - gn{x)). 

In addition, for each x £ K there exists some G 1)2, ...,n such that x G Ki^, so 
g{x) = gi^ix) = 1. As a result fi(x) + f2ix) + ... + fnix) = 1 for each arbitrary x in 
K. □ 
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2 Separating maps on the Lebesgue-Fourier algebras 

Definition 2.1 Suppose Gi andG2 are two locally compact groups. The linear map 
T : £A{Gi) — > CA{G2) is said to be separating or disjointness preserving if f ■ g = 
implies that Tf ■ Tg = 0. 

Let G2 be all the 7 £ G2 for which there exists / G CA{Gi) fl Cc(Gi) such that 
Tf{-f) / 0. We can easily see that 

G'2 = [j{iTf)-\C\{0}) : / G CAiGi) H Ce(Gi)} 

This shows that G2 is an open subset of G2. For each 7 € G2, wc define T*7* : 
CA{Gi) ^ C as r*7*(/) = Tf{-f) for / G CA{Gi). An open subset V of Gi is called 
a vanishing set for r*7* if r*7*(/) = for all / G CAiGi) n Cc(G) that coz{f) C F. 

Proposition 2.2 T/ie sei suppr*7* := Gi\U{^ C Gi : V is a vanishing set for T*^*} 
is a singleton for each ^ G'2- 

Proof. If suppr*7* is empty, we have 

Gi = [j{V C Gi : V\s a vanishing set forr*7*}. 

For / G CA{Gi) n Gc(Gi), let K = supp/ which is a compact set in Gi. So 
there exist Vi,V2, ...,Vn of vanishing sets for r*7* such that K C U ... U 14. 
By Lemma 1.2 there are /i,...,/n in jCA{Gi) such that /j = 1 on X and 

coz{fi) C for i G 1, 2, n. So /(x) = X^iLi / ' /i(^) t^ie other hand, 

each 14 is a vanishing set for T*7* and also coz{f ■ fi) C coz{fi) C V^. There- 
fore, rV(/ • /O = r(/ • /,)(7) = for i G l,2,...,n. Thus, T(/)(7) = for all 
/ G CA{Gi) n Gc(Gi) which is a contradiction according to the definition of G2. 

Suppose there are x and y, two different elements in suppT*7*. There are V 
and U two disjoint neighborhoods of x and y, respectively. There exist f,g & 
CA{Gi) n Gc(G) such that T{f){j) 7^ and T{g){-f) / while coz{f) C [/ and 
coz{g) C y. Moreover f ■ g = 0, since coz{f ■ g) C coz{f) H coz(g) C. U CiV; mean- 
while, r/ • r^i 7^ which is a contradiction. □ 

Definition 2.3 Proposition let us define t : G2 Gi when for each 7 G G2, t{'y) 
is the solitary element o/suppr*7*. We call t the support map ofT. 
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If G is a locally compact group, there exists a one point compactification coG 
for G [16]. It is clear that each function in jC.A{G), as an element of Co(G), has a 
unique extension into C{ujG). 

Proposition 2.4 The support map tofTis continuous. 

Proof. Let (7a) be a net in G2 which converges to 7 G G2. If uiGi is the one point 
compactification of Gi, we know that (i(7a)) C Gi has a convergent subnet to some 
X in coGi, we show this subnet by (t(7/3)). 

Suppose that t{'y) 7^ x. So there are V and U two disjoint neighborhoods 
of t{'y) and x respectively in ujGi. Since t is the support map of T, there is 
/ G CA{Gi)r\Cc(Gi) such that Tf{-f) / and coz{f ) C V. But since Tf G £^(^2), 
it is a continuous function on So there must be /3o such that T/(7^,)) / and 
also t(7/3o) G C/. There exists g G >CA(Gi) n Cc(Gi) such that Tg{'-fp^^) ^ and 
coz{g) C U. We have coz{f) fl coz{g) = so / • 5 = 0. On the other hand, 
T/ • Tg{'^p^) 7^ which leads to a contradiction, so t{^) = x. □ 

Proposition 2.5 Suppose that U is an open subset of Gi and f G jCA{Gi), The 
following statements are held for t the support map of T. 

(i) Ifflu^O, thenTf\,-^^u)^0. 

(ii) t{coz{Tf) n G'2) C supp/. 

Proof. To prove (i) suppose that 7 G Since ^(7) G there is 5 G CA{Gi) n 

Gc(Gi) such that coz{g) C [7 and T5(7) / 0. If = then coz{f) n 002(5) = 
which implies that f ■ g = 0. The separating property of T shows that Tf ■ Tg = 
and Tf ■ Tg{j) = therefore Tf{-f) = 0. If t-^{U) = 0, it is trivial. 

To prove (ii), if 7 G G2 and ^(7) ^ supp/, there is an open neighborhood U of 
t{'y) such that f\u = 0. By (i) we have that Tf{'y) = 0, so 7 does not belong to 
coz{Tf). □ 

Theorem 2.6 IfT is injective, then t{G'2) is dense in Gi. 

Proof. Suppose that there exists a; G Gi which does not belong to t{G'2). So there 
are U and V two open disjoint subsets of Gi such that t{G'2) C V and x & U. 

Now let / G jCA{Gi) n Gc(Gi) such that f{x) ^ and coz{f) C U. Since 
co2;(/) n t{G'2) C [/ n y = 0, /|y = and by Proposition 2.5 (i), Tf\t-^v) = 0- 
But we know that t{G2) C V; consequently, by the definition of G2 we have Tf = 
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where / 7^ which is a contradiction. □ 

Theorem 2.7 If T is onto, t : G2 Gi the support map of T has a continuous 
extension t* : G2 uGi . 

Proof. Let us define : G2 — )• loGi such that i*(7o) = 00 when 70 G G2\G'2 and 
t*{'y) = t{'y) when 7 G Since G2 is an open subset of G2, t* is continuous on 
G2. Also, if 70 G G2\G2 has a neighborhood V such that V C ^2X^2, would 
be continuous at 70. Consequently, we suppose that there exists (ja) ^ G2 that 
converges to 70; meanwhile, (t(7a)) converges to some x € Gi. 

By Lemma 1.1, there exists / G CA{Gi) n Cc(Gi) such that / = 1 on {/, an 
arbitrary relatively compact neighborhood of x. On the other hand, since T is 
onto, we can find g G jO.A{Gi) such that Tgi^o) 7^ 0, so p — / • 5 = on U and 
- / • g){la)) converges to T(3 - / • 3)(7o) = r5(7o) - r(/ • 5)(7o) = r5(7o), 
because f • g £ CA{Gi) n (7c(Gi) and 70 ^ G2. Therefore, we can find an index ao 
such that T{g — f ■ g){^ao) 7^ when t(jao) ^ U. By Proposition 2.5 (m), we have 
t(7ao) G supp(g' — f • g), which is a contradiction because g — f-g = OonU. So 
(i(7a)) converges to 00 and t* is continuous. □ 

Let us define the continuous map X : t~^{Gi) — >■ C as follows: Given 7 G t~^{Gi), 
let ?7 be a relatively compact neighborhood of ^(7) and let f^^u be a function in 
CA{Gi) n Cc(G'i) such that f^^u = lonU. Then we define ^(7) = Tf^^uil)- 

For this function to be well-defined, we let V be another relatively compact 
neighborhood of t(7) and take f^y as above. By Proposition 2.5 part (i) and since 
f'y,u — f-y,V = on F n we have Tf^^jj — Tf^y = on f^iV fl U). Since we have 
chosen U and V as the neighborhoods of t(7), we have 7 G fl i7), and it shows 

that Tf^^uh) = Tfyy{-f). 

To check continuity of X, let (70-) be a net in t~^{Gi) that converges to some 
7 G in addition, let U he a relatively compact neighborhood of t{'j). As 

we have seen in Proposition 2.4, t is a continuous function, so t~^{U) is an open 
neighborhood of 7. But there is ao such that for each a > ao, we have 7q. G t''^{U), 
so X(7„) = X(7). 

Let us consider CA(Gi) with the topology which is inherited from (Co(Gi), || • 
I loo)- We use G2 to denote the subset of G2 consisting of all 7 G G2 such that T*7* 
is a continuous map from jCA(Gi) with the mentioned topology to C. G2 denotes 
the complement of G2 in G2. 
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Theorem 2.8 For each 7 G G'2, 7 € G'^ if and only ifTfij) = X{j) ■ f{t{j)) for 
all f e jCAiGi). 

Proof First, we will show that if 7 G G'a, then /(i(7)) = implies that Tf{-f) = 
for all / G jCA{G). Since /(t(7)) = and / is a continuous function, we can find an 
open neighborhood Un of t{'y) for each n G N such that 

sup{|/(x)| -.xGU^jK 1/n. 

Take a relatively compact neighborhood Vn of t{'y) such that Vn C Un for each 
n G N. For each n G N we have gn G jCA{Gi) fl Cc(Gi) such that gn\v„ = 1) 
fl'nlG'i) C [0, 1], and supp5„ C [7„. 

Since / G C Co(Gi) and also following our hypothesis about Un, 

by increasing n, {f ■ Qn) converges to (in the topology which is inherited from 
(Co(Gi), II • lloo) to CA{Gi)) and also / • = / on 14 for each n. By applying 
Proposition 2.5 part (i) we have Tf{'j) = T{f ■ gn){l)\ consequently, since 7 G G2, 
T*7* is continuous and so 

r/(7)=limr(/-5„)(7)=0. 

Subsequently, suppose that f{t{j)) ^ 0, define g := f — f{t{^)).f^_y where fy_v is 
constructed as previously described. Since T is a linear map and 5(^(7)) = fit{y)) — 
f{Kl))-fiy{t{l)) = because A,y(t(7)) = 1, we have Tf{^) = X{^) • f{t{^)) for 
all / G CA{Gi). 

Conversely, let (/„) be a net in CA{Gi) such that fn^f for some / G £.A{Gi) 
in the mentioned topology. Finally, we have 

r/n(7)-T/(7) = X(7)-/„(t(7))-^(7)-/(i(7)) 
= X(7)-(/n(i(7))-/(t(7))). 

□ 

Proposition 2.9 G2 ^^'^ ^2 '^^^^ following properties: 

(i) G2 «s a closed subset of G^ ■ 

(ii) t{G2) is a subset of limit points of G\. 

Proof. To prove {i), let (70.) be a net in G2 which converges to some 7 G G'2- By 
Theorem 2.8 for each a we have r/(7a) = X(7c,) • f{t{ja)) for all / G >CA(Gi). 
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Since X and f ot are continuous, we have 

limT/(7„) = limX(7„)-/(t(7«)) 
= X(7)-m7)), 

for each / G CA{Gi). Moreover, since Tf G CA{G2) C Cq{G2) and hm«r/(7c,) = 
r/(7), we have T/(7) = ^(7) • /(t(7)) for all / G >C^(Gi), and Theorem 2.8 proves 
(i). 

Suppose that t(7) is an isolated point for Gi when 7 G For each / G CA{Gi) 
define / := f(t{'y)) ■ f^y when F is a relatively compact neighborhood of 7. We 
have /It(-y) = /|t(7)- The singleton {t^j)} is an open subset of Gi, since it is isolated. 
Proposition 2.5 implies that Tf{^) = Tf{'j), since -^(7) = Tf^y{^) and 

T/(7) = T/(7) = /(t(7))-T/7,y(7) 

by Theorem 2.8. Consequently, 7 G Therefore, t{G2) is a subset of limit points 
ofGi. □ 



Lemma 2.10 Let G he a locally compact group and x an element of G with a fixed 
relatively compact neighborhood U . If f is a function in A{G) so that f{x) = 0, then 
for each e > there exists V G U another relatively compact neighborhood of x and 
h G CA{G) such that: 

(i) \\h\\oo < 1 and ||/i|U(g) < 2. 

(ii) h\v = I and supp/i C U. 

(iii) \\h ■ /|U(G) < e- 



Proof. Let 



Since / G A{G), it belongs to Co{G). Now define Bs := {z e C : \z\ < 6}, so 
W := f~^{Bs) n [/ is a relatively compact open subset of G which contains x and 
W O U. Moreover, there exists O, a relatively compact neighborhood of e, such 
that xOO C W. Since A is a Radon measure we can find V, a relatively compact 
neighborhood of x, such that X{xO) < X{VO) < 2X{xO); meanwhile, VOO C W. 

By Lemma l.l,there exists some k G £,A{G), such that k(G) C [0,1], k\v = 1, 
suppfc C W, and ||A;||^((5) < \/2. 

Let us consider k - f a member of Cc{G) such that suppA; • / C W, ■ /||oo < 
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and A; • (A; • /) is a result of a C*(G)-action on B{G) (as C*{G) is predual of B{G) 
and A{G) C B{G) and their norms are identity on A{G)). So we can write 

\\k-k- f\\A{G) < P'iU(G) \\k- fh 

where || • ||s shows the norm of C*{G) and we have || • ||s < || • ||i (see [7]). If we 
define h as k ■ k which belongs to CA{G), it is clear that h would satisfies (i) and 
(m). Finally, since supp(A; • /) C W, for {in) we have 

ll^-/IU(G) = \\k-k-f\\A{G) 

< \\k\\AiG)\\k-f\k 

< l|fc|U(G) 

< V2X{W) \\k ■ fWoo 

< 2\{U) 5 < € 

□ 

Theorem 2.11 t{G^) H K° is finite for every compact subset K of Gi, where K° 
denotes the interior of K. 

Proof. To obtain a contradiction suppose that there is a sequence of distinct elements 
of G2 as (7„) such that {t{'~fn)) ^ K° for some compact set K in Gi. Therefore, we 
can assume that (Un) is a pairwise disjoint sequence of open subsets of K'^ such that 
i(7n) G Un for each n £ N. 

For each n, 7„ G Gg, so there exists Qn € jO.A{Gi) such that Tg^iju) 
X{ln) ■ gn{t{ln))- Let := Qn - {9n{t{ln))) ' f^uy where F is a relatively compact 
neighborhood of K. It is clear that for each n, /„ is also a member of CA{Gi). By 
our assumption about it is obvious that Tfnijn) 7^ and /n(^(7n)) = 0- Since 
T is linear, we may assume that |T/„(7„)| > n for each n £ N. 

By Lemma 2.10, for n G N we can find Vn Un a neighborhood of t{jn) 
and hn G £,A{Gi) such that ||/in|U(Gi) ^ 2, hn\v„ = Ij supp/i„ C Un, and 

\\hn ■ /nlU(Gi) < ^■ 

Now we can define y„ := hn-fn for each n G N. Since hn\v„ = 1, {yn-fn)\v„ = 0, 
and 

\Tyn(.ln)\ = \Tf n(.ln)\ > n 

for each G N, by Proposition 2.5. Consequently, for each G N we can say 

Ibnlll = \\hn ■ fn\\l 
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< X{Un)\\hn-fn\\ oo 

< A(F)||fc„ . /„|U(o,) 

So it is apparent that y := J^n Vn i^ot only is an clement of A{G) but also belongs 
to CA{G). Based on our assumption about (J7„) and since supp?/„ C ?7„, wc have 
yn\u,n — for each m ^ n. By Proposition 2.5, we have Tyn\t-'L(Um) — ^ f*-"- 
Therefore, \Ty('yn)\ = \Tyn('yn)\ > n for each n, and it leads to unboundcdness of 
Ty which is a contradiction. □ 



Proposition 2.12 The mapping X defined above is bounded on G2. 

Proof. If X is not bounded there is a sequence (7^) in G2 such that |X(7„)| > A"- 
for each n G N. If (t(7n)) was a finite set in Gi, we can assume that i(7n) = x for 
each n G N. There is / G jCA{Gi) such that f{x) = 1. Since 7^ G G2, we have 

|r/(7n)| = |X(7„) • /(t(7n))| = |X(7n)| " > 4" 

which is contradictory. 

On the other hand, if (t(7n)) is infinite, we can assume that t(7„) 7^ i(7m) when 
n ^ m. Let (C/„) be a sequence of pairwise disjoint relatively compact open subsets 
of Gi such that t(7„) G [/« for each n G N. Fix Uq a relatively compact neighborhood 
of e G G2. Define = i7n n t{'yn)Uo for each n G N. 

By Lemma 2.10, there exists sequence (hn) in CA{Gi) such that supp/i^ ^ 
^n(*(7n)) = 1, ll^nlloo < 1, and ||/i„|U(Gi) < 2 for each n. Define ?/„ := so 
yn(i(7n)) = Also we have \\yn\\oc < 1/2". 

Consequently, we define y := J^nVn which is in A{Gi). Moreover, since 

Ibnill < A(Fn)|bn||oo < ^^(^o), 

y is a member of L^(Gi); thus, y G jOA{Gi). Since (V^) are pairwise disjoint open 
neighborhoods, y\vn = yn\v„ for each n. Eventually, by Proposition 2.5, we have 

\Ty{7n)\ = \Tyn{ln)\ = |X(7n) " 2/n(i(7n))| > 4" • 1/2" = 2", 



which is a contradiction since Ty G CA{G2) Q Co(G2). 



□ 
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3 Automatic continuity of bijective separating maps 

Theorem 3.1 Let T be a bijective separating map of jCA(Gi) onto CA{G2)- Then 
G2 = G2 and T is continuous. 

Moreover, t is an injective homeomorphism from G2 onto Gi . 

Proof. By Theorem 2.6, since T is bijective, i(G2) is a dense subset of Gi. More- 
over, by Theorem 2.11, for an arbitrary element x E Gi and a relatively compact 
neighborhood U of x, Ur]t{G2) has finite number of elements. Also by Proposition 
2.9, we know that t(G^) is a subset of limit points of Gi. 

If Gi is discrete, since ^(^2) is dense in Gi, wc have t{G'2) = Gi and Unt{G2) ^ 0. 
Otherwise U has infinite number of elements. Since U Pi t(G2) has finite number of 
elements, U Ci t{G'2) / 0. We can conclude that t{G2) is dense in Gi. 

On the other hand, if 7 G G'i then Tf{-f) = X{-f) ■ f{t{j)) for each / G >CA(Gi). 
Since T is onto and £.A{G2) is a separating subalgebra of Go(G), ^(7) 7^ for each 
7 G G2. So if for / G CA{Gi) we have T/(7) = where 7 G G2, it implies that 
f{t{-f)) = 0. Since t(G'2') is dense in Gi, if Tfy^ = then / = on Gi. 

Toward a contradiction suppose that 7 G G2\G2. By Proposition 2.9 we know 
that G2 is closed in G2. So there exists a closed subset C of G2 such that G2 = G2nG. 
Apparently, 7 ^ G; thus, by Lemma 1.1 and since T is onto, there exists / G jO.A{Gi) 
such that r/|c = and r/(7) = 1. Therefore Tfy^ = and / = 0, which makes 
a contradiction. Consequently, G2 = G2. 

To show that G2 = G2, wc first show that G2\G'2 is open in G2. Let 70 G G2\G'2 
and (70,) C G2 be a net which converges to 70. Based on the proof of Theorem 2.7, 
(i(7a)) converges to 00 in ujG\. Since T is onto, there exists / G CA(Gi) such that 
Tfi'Jo) 7^ 0- Hence, since X is bounded on G2 and Tf{'ja) = ■ /(i(7a)) for 

each a, {f{t{'ya)) converges to 0. Because Tf is continuous, convergence of (/(t(7a)) 
implies that T/(7o) = which is a contradiction, so G2\G'2 is open. 

Now suppose that G2\G'2 / 0. Since G2\G'2 is open, there exists g G CA{G2) 
such that 5/0 and coz{g) C G2\G'2- Since T is onto, there exists / G CA{Gi) 
such that Tf = g. Let x G t{G'2) and 7 G G2 such that t{^) = x. Thus 
= 5(7) = r/(7) = X{j) ■ fitij)) which implies that f{x) = f{t{-f)) = 0, 
since ^(7) 7^ 0. So fltic'^) = ^ ^(^"2) is dense in Gi; consequently, / = 
which is impossible. Therefore G2 = G2 and G2 = G2, and by Theorem 2.8, 
T/(7) = X(7) • /(t(7)) for each 7 G G2 and / G CA{Gi). 

Now we will show that t is an injective map. Let 71 and 72 be two distinct 
elements of G2. Suppose that i(7i) = i(72)- Since r/(7i) = X{ji) ■ /(t(7i)) and 
r/(72) = X(72) • /(t(72)) for each / G CA{Gi), and the map ^(7) ^ for each 
7 G G2, we deduce that Tf{'ji) = {X (ji) / X {^2)) ■Tf{^2)- Also T is onto, so we can 
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find /o G CA{Gi) such that r/o(7i) = 1 and r/o(72) = 0, which is a contradiction, 
so t should be an injective map from to Gi. 

To show that T is a continuous map, we use the closed graph theorem. Suppose 
that (fn) is a sequence in CA(Gi) which converges to some / G CA{Gi). Also 
suppose that {Tfn) converges to some g G jCA{G2)- By the definition of the norm 
of the Lebesgue-Fourier algebra, we know that || ■ ||oo < || ■ IU(G) < III • III- So 
lll/n — /III ^0 shows that ||/„ — /||oo — > 0. Based on the definition of G2 and since 
G2 = G2, for each 7 G G2 we have |r*7*(/„) - r*7*(/)| which imphes that 
\Tfnil) - Tf{-f)\ ^ for each 7 G G2. Since |||r/„ - g\\\ ^ 0, ||r/„ - g\\^ ^ 
and hence for each 7 G G2, Tf{^) = g{'j) which ends this part of the proof. 

To prove the last part, it is necessary to prove that the inverse map of T is also 
a separating map. Suppose that 51,52 G CA{G2) such that coz{gi) n coz{g2) = 0. 
There exist /i,/2 G jOA{Gi) such that T/i = gi and T/2 = 52- Since >C^(G2) sepa- 
rates the points of G2 and also T is onto, X^'j) 7^ for each 7 G G2. Now suppose 
that t(7) G coz{fi) fl coz{f2) for some 7 G G2- It implies that 

51(7) -52(7) = r/i(7).T/2(7) 

= X(7)-(/i(t(7))-/2(t(7)))7^0 

that is impossible. Since t(G2) is a dense subset of Gi and /i and /2 are continuous, 
coz{fi) n coz{f2) = 0, so T"-*^ is a separating map. Since K := is a separating 
map, we can define : Gi — )■ G2 its support map as in Definition 2.3. It is clear 
that k is continuous, injective and k{Gi) is dense in G2. 

Let us prove t o k{x) = x for every x G Gi. Suppose that t{k{x)) / x for some 
a; G Gi . So there exist V and U two disjoint relatively compact neighborhoods of x 
and t{k{x)), respectively. By the definition of t, there exists /o G CA{G\) such that 
supp/o Q U and Tfo{k{x)) / 0. By Proposition 2.5 (ii), we know that t{k{x)) G 
supp/o and x ^ supp/o. Lot /i G £y4(Gi) such that fi{x) 7^ and fi\u = 0, so 
coz{fi) n coz{fo) = 0. Since T is separating, we have that coz{Tfi) fl coz{TfQ) = 0. 

On the other hand, since T/q G £y4(G2) C Go(G2), 

co^(T/o) = {7 : r/(7) G C\{0}} 

which is an open neighborhood of k{x). But for each g G CA{G2) when coz{g) C 
coz{Tfo), we have coz{g) Pi coz{Tfi) = 0. Also coz{Kg) n coz{fo) = 0, since is 
a separating map and KT f\ = fi- So Kg{x) = for each 5 G >C^(G2) which is 
impossible. 

Thus t{k{x)) = X for each a; G Gi, and since k and t are both continuous, we 
have that = k, and consequently, t is a homeomorphism between Gi and G2. □ 
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Lemma 3.2 IfT is a bijective separating map, there exists r > such that X{'y) > r 
for each 7 G G2 • 

Proof. Suppose that (7^) C G2 is a distinct sequence such that |X(7„)| < 1/4" for 
each n G N. Let us fix Uq a relatively compact neighborhood of e G G2. We can 
find (Un) a pairwise disjoint sequence of open sets such that Un is a neighborhood 
of 7n and 7„~^?7„ C Uq for each n. By Lemma 2.10, there exists G CA{G2) 
such that Qni'^n) = 1/3", suppfl'n C and ||fi'ri|U(G2) — 2/3" for each n G N. Let 
use define g := "^nendn-, we can see that g is an element of CA{G2)- Since T is a 
bijection, there exists / G CA{Gi) such that Tf = g. Hence |/(t(7n))| > 4"/3", 
since |T/(7„)| = |5(7„)| = |^(7n)l ■ l/(*(7n))| for each n G N. But as we have 
seen in Theorem 3.3, t is injective, so it leads to a contradiction with respect to the 
boundedness of /. □ 

Therefore, we can summarize the previous results in the following theorem. 

Theorem 3.3 Let T be a bijective separating map of CA{Gi) onto CA{G2)- Then 

T is continuous. 

Moreover, Tf(j) = X{j) ■ f{t{^)) for all f G CA{Gi) and 7 G G2, where t is an 
injective homeomorphism from G2 into Gi and X is a bounded continuous function 
on G2 which is bounded away from 0. 

This theorem helps us to extend every bijective separating map to the Fourier 
algebras of locally compact groups: 

Corollary 3.4 IfT : £.A(Gi) — > CA{G2) be a bijective separating map, then T has 
a unique continuous extension to a separating bijective map T : A{Gi) — >■ ^(^2). 

Proof. Since T : {CA{Gi), ||| • |||) — > {CA{G2), \\\ • |||) is a continuous linear map and 
II ■ IU(G) < III ■ III) by using closed graph theorem we can see that 

T : (CAiG,), II • lU(Go) ^ (>CA(G2), || • |U(g,)) 

is a continuous linear map. We know that J0A(G) is a dense ideal in A{G), [12], so 
we have a continuous linear extension 

t:{A{Gi),\\-\UiG,))^{AiG2),\\-\\AiG,))- 

The density of jC.A{Gi) in A{Gi) implies the uniqueness of T. 

For each / G A{Gi) we have a sequence (/„) in jCA{Gi) that converges to /. 
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But by Theorem 3.3, for each 7 G G2, we have T/„(7) = ^(7) • fniKl))- ^l^o since 
T is continuous, wc have T/„ — > Tf in || • ^(Gj)- We know that || • ||oo < || • 11^(02)' 
and it leads to T/„(7) — > Tf{^). Similar reasoning shows that fn{t{'^)) /(^(t)) 
which eventually implies that Tf(^) = X[^) ■ f{t{'~f)). Theorem 3.3 shows that t is 
a homeomorphism between Gi and G2 and X is a non vanishing function on G2, so 
for each non zero function / G A{Gi) we have Tf ^ and T is injective. 

To see that T is onto, suppose that g G A{G2)- There exists a sequence (gn) 
in jCA{G2) that converges to g. Since T is onto, there is {fn) in CA{G2) such that 
T/„ = gn for each n G N. Therefore we have gn{l) = ^(7) " fn{'t{l)) for each 7 G G2 
and n G N. Since gn = X ■ fn o t and ((7„) is a Cauchy sequence in A{G2), we 
have that (/„) is also a pointwise Cauchy sequence on Gi by Lemma 3.2, so there 
is / G A{Gi) which (/„) converges to /. Clearly Tf = g. □ 

A similar procedure will be used to extend T on Cq{Gi). The proof has two 
parts, at first by using Corollary 3.4 we extend T on A{Gi) and then by a similar 
approach we obtain the final extension (see the proof of [10, Theorem 1]). Moreover, 
based on [2, Theorem 3.8], we can characterize the extension of T on Co(Gi); even 
more, [2, Proposition 3.3] asserts the uniqueness of this decomposition. 



Corollary 3.5 LetT : CA{Gi) — t- CA{G2) be a bijective separating map, thenT has 
a unique continuous extension to a separating bijective map T : Co(Gi) Co(G2)- 
Also there exists a unique isomorphism $ : Co(Gi) — > Co(G2) and a unique element 
h in Cb{G2) such that T{f) = h ■ $(/) for each f G Co(Gi). Moreover, h{^) ^ 
foreachjeG2, ||/i||oo < ||r||, and ||$-^|| < ||r|| • ||r-i|| when andT'^ denote 
the inverse of $ and T respectively. 

4 Algebraic characterization of locally compact groups 

Since jCA{G) is a Banach algebra by convolution, we can obtain similar results to 
[9, Section 5] for Lebesgue-Fourier algebras. The results would be a promotion for 
t as an injective homeomorphism to a topological group isomorphism from G2 onto 
Gi, under a specified condition, (P), that is defined as follows. In this section f * g 
denotes the convolution product of f,g & CA(G) inherited from L^{G) (see [13]). 

Definition 4.1 A linear operator T : jC.A{Gi) — >■ jCA{G2) satisfies condition (P) if 
for each f,g G CA{Gi) and^ G G2 such that T{f*g){'y) = 0, we haveTf*Tg{'j) = 0. 
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Lemma 4.2 Let T : jCA{Gi) — >■ CA{G2) be a map such that Tf = X ■ f ot for each 

f £ CA{Gi) where X is a non vanishing scaler valued continuous function defined 
on G2 and t is a homeomorphism map from G2 onto Gi. If T satisfies condition 
(P), then t is a group homomorphism. 

Proof. The main idea of proof is similar with the one in [9, Lemma 2]. We will 
mention the outline of the proof and omit the details. Let 71,72 G G2 such that 

^(7172) 7^ ^(71)^(72)- So there are open neighborhoods U and V, respectively, for 
t(7i) and t(72) such that t(7i72) ^ UV. Based on Lemma 1.1, we can find f,g £ 
CA{Gi) such that /,<?(Gi) C [0,1], /(t(7i)) = 5(^(72)) = 1 , supp/ C U ,and 
suppy C V. 

First suppose that X is a real valued function on G2 and -^^(71) > and ^(72) < 

0. So there is a relatively compact neighborhood W oi e & G2 such that X|^^vi/ > 
and X\y\/^2 < 0. If wc define rxh{y) = h{xy) for x,y £ Gi and h € jCA[Gi), it is 
clear that r^h e CA{Gi) for each h G CA{Gi) (see [7]). We have 

/ X(y)X(y-Si72)(/ot)(y)(r,(^^^^)5ot)(y-i)dy < 0. 

Since t is a homeomorphism, t{'jiW) is an open subset of Gi. Again by using 
Lemma 1.1, let fci,/c2 G CA{Gi) such that fci,/c2(Gi) C [0, 1], A;i(^(7i)) = k2{t{-/2)) = 
1 , suppfei C t{'yiW), and supp/c2 ^ t{'-f2W). So we can see that ({ki ■ f) * {k2 • 
5")) (^(7172)) = 0. Since the characterization of T on {ki ■ f) * {k2 ■ g) is known, we 
have T((fci • /) * {k2 ■ ff))(7i72) = 0. 

On the other hand, since T satisfies (P), (r(A;i • /) * T{k2 ■ 5))(7i72) = 0. But 
(r(A;i • /) * T{k2 ■ 5)) (7172) is equal to 

/ X(y)X(y-Si72)(fci(i(2/)))(fe2(t(y-Si72)))(/ o t)(y)(rt(^,^,)5 o t){y-') = 
JG2 

[ X{y)X{y-^ja2){kiit{y)))ik2{t{y-'7i72mf ° *)(y)(^t(7i72)5 « t)iy-') 

which is not zero, and it is a contradiction. Similar to the proof of [9, Lemma 2 ], 
we can extend this proof to an arbitrary X as a complex valued function on G2 and 
it finishes the proof. □ 
By Lemma 4.2 and Theorem 3.3, we obtain the following theorem. 

Theorem 4.3 LetT be a separating bijection of CA{G-\) onto CA{G2)- IfT satisfies 
condition {P), its support map t is a topological group isomorphism from G2 onto Gi, 

1. e. it is a topological homeomorphism that meanwhile acts as a group isomorphism. 
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5 Characterization of bijective separating maps between Lebesgue- 
Fourier algebras on amenable locally compact groups 

In this section we suppose that Gi and G2 are amenable locally compact groups. 
To pursue our discussion we need the following lemma. This lemma is a general- 
ization of [17, Theorem 3.8.1], an extension from locally compact abelian groups 
to amenable locally compact groups as well as from A{G) to jC,A{G). Derighetti in 
[5] has proved it for Fourier algebra of an amenable locally compact group. It is 
straightforward to modify the proof to prove the following lemma. 

Lemma 5.1 Let G be an amenable locally compact group and h be a function defined 
on G such that h- f eB{G) for every f G CA{G). Then heB{G). 

Theorem 5.2 Let Gi and G2 be two amenable locally compact groups. T is a bi- 
jective separating map if and only i/T = T2 o Ti when Ti : jCA{Gi) — >■ JCA{G2) is 
an algebra isomorphism and T2 : CA{G2) CA{G2) is a continuous linear trans- 
formation in the form ofT2{g) = g ■ h for all g G CA{G2) for some fixed h G B{G2)- 

Proof. First, suppose that T is a bijective separating map. We show that X is an 
element of B{G2). We use [7, Lemma 2.25.]: let ai, • • • ,Q;n be constants in C and 
71, • • • ,7„ be elements in G2 such that || Yl^=\ QJi'^Tills < 1- 

Consider K := {^(71), • • • , i(7n)} as a compact set in Gi and e > arbitrary. By 
[6] and since Gi is amenable, wc have V ^ a neighborhood of e, such that \{KV) < 
(1 + e)^A(y). Based on Lemma 1.1, we know that there exists / G CA{Gi) such 
that f{t{ji)) = 1 for each i e 1, • • • ,ri and ||/|U(Gi) < 1 + e. If we denote Tf by g, 
we can write 





n 
i=l 


)■ 






Y^aiTfi^i) 

i=l 






1=1 






i=l 






n 
i=l 
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n 



< 



9\\AiG2)\\J2°iiKh 



1=1 



< 



< 



r/iU(G.) 
mi(i+6). 



Therefore 



n 



< \\T 



i=l 



So based on [7, Lemma 2.25.], we have X £ B[G2)- 

Subsequently, we wUl prove that f ot & JCA(G2) for ah / G CA{Gi). Let 7 G G2 
and G J0,A{G2) such that 5(7) = 1. As we have seen in the proof of Theorem 3.3, 
K := is a bijective separating map, so Kg{x) = Y{x)-g{k{x)) for all g G CA{G2) 
and a; G Gi when y : Gi ^ C is a continuous map defined on Gi similar to X. Now 
we have 



which shows that ^(7) ■Y{t{'^)) = 1 for each 7 G G2. 

We know that Y G B{Gi) and Y ■ {gok) = Kg e CA{Gi). Since A{Gi) is an 
ideal in B{G-\) and B{G\) C Gb(Gi), we can see that CA{G-\) is an ideal in B{G\)\ 
consequently, Y - Y ■ {gok) ^ CA{G\). Now we can consider 



for an arbitrary 7 G G2. This implies that {Y ot) ■ g \s a, function in £^(G2) for 
all g G CA{G2)- Lemma 5.1 shows that y o i is a function in B{G2)- Eventu- 
ally, since jCA{G2) is an ideal in B{G2) and X ■ {f o t) G jCA{G2), we have that 
{Yot)-X-{fot) = fot belongs to CA{G2) for all / G CA{Gi). 

Now let us define Ti : CAiGi) CA{G2) when Tif = fot for each / G CA{Gi), 
and T2 : CA{G2) — £^(G2) when Tg = X ■ g for each (7 G CA{G2)- It is obvious 
that T2 is a linear transformation on CA{G2), and it is bounded by the norm of X 
which is finite. So T2 is a continuous linear transformation. 

Ti is an injective algebra homomorphism. Let us suppose that it is not onto, 
so there exists g G jCA{G2) such that Tif ^ g for each / G jCA{Gi). Since T2 is 
defined on >C^(G2), we can write Tf = T2{Tif) 7^ T2g for ah / G jCA{Gi) which is 



1 = 57(7) = 



T{Kg^){l) 
X(7) . Kg^m) 
X{j).Y{t{j)).g,{k{t{j))) 
X(7)-y(t(7)) 



T{Y-Y-{gok))ij) 



= X(7)-y(t(7)) 
= Yitij))-g{j) 



y(t(7)) -5(^(^(7))) 
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impossible. 

The converse is trivial. □ 

Indeed when Gi and G2 are amenable locally compact groups we can say that 
each bijective separating map is a weighted isomorphism, see [2, Section 3.1]. To 
prove that this terminology is correct for Theorem 5.2, we just observe that B{G) 
indeed is the set of all centralizers of jCA{G) for each amenable locally compact 
group. 

Corollary 5.3 Let Gi and G2 be two amenable locally compact groups. If T : 
jCA{Gi) — > CA{G2) is a bijective separating map, then there exists an algebra iso- 
morphism from CA{G-i) onto CA{G2)- 

Remark. The unique $ and h found in the Corollary 3.5 indeed are Ti and h 
resulted in Theorem 5.2. 

6 bijective separating maps between Lebesgue-Fourier algebras on lo- 
cally compact abelian groups 

Let G be a locally compact abelian group. We know that the Fourier transform is an 
isometric algebra isomorphism between A{G) and L^{G) when G denotes the dual 
group of G; moreover, the inverse Fourier transformation forms another isometric 
algebra isomorphism between A{G) and L^{G) (see [17], [13] and [14]). By the defi- 
nition of CA{G) we can see that CA{G) with convolution (pointwise multiplication) 
is isometric isomorphic with CA{G) with pointwise multiplication (convolution). 
These isometric isomorphisms lead to some results on JCA{G) as a Banach algebra 
with convolution (see [10]). In this section Gi and G2 are assumed to be locally 
compact abelian groups. 

Definition 6.1 For linear map T : CA{Gi) CA{G2) if f * g = implies that 
Tf *Tg = for all f,g& CA{Gi), we call T a separating map for convolution. 

Theorem 6.2 Let T : CA{Gi) — > CA{G2) be a bijective separating map for convo- 
lution. Then T is continuous. Also G\ and G2 are homeomorphic. 

Proof. There exists a linear map T form CA{Gi) with pointwise multiplication onto 
CA{G2) defined as Tf = Tf, when / denotes the Fourier transformation of / for all 
/ G CA{G-\). It is clear that T is a separating map for convolution if and only if T 
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is a separating map. 

Since T is a bijection, T is also a bijective separating map. So we can use 
Theorem 3.3 for T : CA{Gi) — )■ CA{G2)- Therefore T is continuous and hence T. 
Moreover, Gi and G2 are homeomorphic. □ 

Since locally compact abelian groups are amenable, bijective separating maps for 
convolution have the decomposition that is mentioned in Theorem 5.2. So we can 
find Ti : CA{Gi) CA{G2) an algebra isomorphism and T2 : CA{G2) CA{G2) a 
continuous linear transformation such that T = T2 oTi where T2{g) = g * /j, for all 
g G CA{G2) when n G M{G2). 

According to the proof of Theorem 6.2 and Corollary 3.4, we can extend the 
bijective separating maps for convolution from Lebesgue-Fourier algebras to group 
algebras. 

Corollary 6.3 Let T : CA{Gi) — )■ CA{G2) be a bijective separating map for convo- 
lution. Then T has a unique continuous separating bijective extension T : L^{Gi) — >■ 
L\G2). 

The previous corollary and [10, Corollary 2] lead to an extension of bijective 
separating maps to the measure algebras of locally compact abelian groups. 

Corollary 6.4 Let T : CA{Gi) — )■ CA{G2) be a bijective separating map for convo- 
lution. Then T has a unique continuous separating bijective extension T : M(Gi) — >■ 
M(G2). 

Conjecture. The existence of an extension of T : jCA{Gi) — > CA{G2) - from 
Lebesgue-Fourier algebras - to Fourier-Stieltjes algebras for locally compact groups 
depends on finding a revised version of [17, Theorem 4.6.4] for general locally com- 
pact groups. 
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